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Lim sep & Lim 18

Exercise 2.4.7 (Limit Superior). Let (a,,) be a bounded sequence.

(a) Prove that the sequence defined by y. = sup{ay : k > n} converges.
(b) The limit superior of (a,), or limsupa,,, is defined by
limsupa,, = limy,,

where y,, is the sequence from part (a) of this exercise. Provide a reason-
able definition for liminf a,, and briefly explain why it always exists for
any bounded sequence.

(c) Prove that liminfa, < limsupa, for every bounded sequence. and give
an example of a sequence for which the inequality is strict.

(d) Show that liminf a,, = limsupa,, if and only if lim a,, exists. In this case,
all three share the same value.
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